Hedging rule for reservoir operation is used for rationing water supply. It accepts a small deficit in current supply so as to reduce the probability of a more severe water shortage. Recently, the represents the inflow uncertainty through a probability distribution function, and includes engineering constraints such as reservoir capacity and water withdrawal capacity. Therefore, the numerical model can be used to show more detailed analyses on price elasticity, uncertainty, and engineering capacities, which are difficult to include in the theoretical analysis.
Introduction
In the past decades, reservoir operation has made an effort to meet de facto water demand for the greatest possibility. However, due to increasing water demand stress, it is not always a rational decision to approach full current demand, given possible bigger water shortage in the future. Hedging rule is developed to minimize the overall damage in both current and future time periods when drought strikes. Bower et al.(1962) first provided an explicit conceptual description of hedging rule in water resources systems operations (Mass et al. 1962) , one of the efforts of the Harvard Water Program in 1960s. Hedging rule is used for rationing water supply when water supply is below water demand.
It accepts a certain deficit in current demand so as to decrease the probability of a more severe water or energy shortage by placing more penalties on larger deficits than small ones (Bower et al 1962) .
Hedging rule is a more rational policy for reservoir operation which considers the time preference. Masse (1946) analyzed the reservoir operation problem using the concept of marginal value in economics. He introduced the use of 'reserves' or 'stocks' of water to avoid shortages in the future.
Bower et al (1962) applied natural resource economics theory to explain hedging rule for reservoir operation as a system approach. Mathematically, hedging rule is 'the principle of interior solution for dynamic reservoir operation problem in the decision horizon'. Moreover, the utility/loss function is non-linear, compared to SOP which is the optimal operating policy when the utility/loss function is linear.
Hedging rule did not draw much attention in the past years until later 70s. The studies including Klemes (1977) , Stedinger (1978) , and Hashimoto et al. (1982) interpreted the hedging as "providing only portion of the target release, when in fact all or at least more of the target volume could be provided." In a few following studies such as Shih (1994), and Neelakantan (1999) , the focus was on minimizing loss over drought. Shih (1994) first provided a sound framework of linear continuous hedging rule for demand management in both planning phases and real-time operations. In his study, a numerical simulation was used to determine a realistic rule by numerical simulation. However, it did not address the theoretical problems such as the incentive for the hedging and what characteristics and mechanisms would influence the decision-making.
To explore hedging rule with more generality, most recently, Draper (2003) expanded the aim of hedging rule from reducing gross loss to increasing net benefit, replacing a deficit objective by a benefit objective. He argued that hedging rules curtailed deliveries over some range of water supply to retain water in storage for use in later periods in order to obtain larger overall benefit. Thus, some water is stored, rather than delivered, even when there is enough water for full target deliveries in the present period. Draper and Lund (2003) This study follows the analysis of Draper and Lund (2003) and attempts to extend the analysis with consideration of uncertainty and imperfect information, which complicates the hedging rule analysis.
Both a theoretical analysis and a numerical model of hedging rules for reservoir operations are developed with consideration of uncertain reservoir inflow. Our approach is currently limited to a two-period optimization model (now and then) for a single reservoir, which is to maximize the utility over the two periods. Being different from numerical models, the theoretical analysis ignores some technical details such a specific form of utility function and a specific representation of uncertain reservoir inflow, but focuses on some general features of reservoir system behaviors under a hedging rule. The numerical model specifies a certain type of utility function and represents the inflow uncertainty through a probability distribution function, and includes engineering constraints such as reservoir capacity and water withdrawal capacity. Our analysis is conducted around the following questions: 1) When will a hedging rule start and when will it end (i.e., the timing for implementing the hedging rule)? 2) Under what conditions is a hedging rule trivial? 3) What is the impact of the inflow uncertainty from the second period? Through exploring these questions, it is expected to understand more about the decision mechanism of hedging rule in reservoir operation.
Conceptual model
We develop a concept model following the one presented by Draper and Lund (2003) . The purpose of the model is to analyze overall economic efficiency within two periods (now and then) for a single reservoir. A classic two-period model in natural resources economics is constructed. This model defines economic value by a utility function of a composite user.
Theoretical framework of a two-stage model
According to Draper and Lund (2003) 
C is the carryover storage value function, (.) B is the current water delivery benefit while S is the storage, D is the water delivery and A is the water available.
Eq. (1) does not explicitly account the future inflow to the reservoir. As Shih and ReVelle (1996) argued: "storage plus anticipated inflow is probably a better candidate for rational signal." Ignoring future inflow generally is not theoretical optimal. In order to account the impact of the second-period inflow, we re-modify the model proposed by Draper and Lund (2003) . Defining the second period 
.
Applying the Lagrange's Method, we rewrite Eq (4)
Where L is Lagrange function and is Lagrange multiplier. We further assume that f I has an independent identically distribution (IID). Following this assumption, partial differential of f I is zero due to its independence. In other words, no decisions can influence the occurrence of f I . In
Eq. (5) it is also known that 0 for an equality constraint. We apply the first-order condition to the Lagrange function:
from which a new optimality condition can be represented as:
In this model, two periods, now and then, compete for water resources. When they have the same marginal utility, it satisfies the economic premise to maximize the total benefit. According to the trajectory, we can define the hedging ratio as
Eq (7) water, future inflow and the utility function. ) and less or equal to water available
). Moreover, the upper bound of delivery should not be over the demand, which is denoted as m D .
[
With the constraint on delivery, we illustrate how the economic solution is combined with SOP to determine economically efficient and physically feasible reservoir release policies. When the economic solution is combined with SOP, as shown in Fig. 2 , we may overcome the problem with SOP.
The economic solution exactly follows that of SOP in curve section 1, 2, and 3; but the optimal release from the hedging rule is below that of SOP (the level of current demand) as shown in section 4 of 
Timing for Hedging Rule
This proposed operation policy raises a question: what is the timing for applying a hedging rule?
As can be seen from Fig 3, 
According to current water availability and the expected future inflow, we can determine the timing for hedging rule represented by Eq. (7). Therefore, the timing for applying hedging rule can be represented by:
(1 )
within this range, decision should be made to release less for the current and store water for a more profit future. Using Eq (11), we also can analyze when the hedging rule is trivial. The condition can be expressed as: Fig. 4 shows the situation under which a hedging rule is not important in operation. The upper curve, hedging, as shown in Fig. 4 , is the solution from the economic model, which is above the bold line, which represents SOP under physical constraints. Section 4 as shown in Fig. 3 does not exist. Under this condition SOP provides the optimal solution. Such a situation could happen when I is large enough therefore we do not need to consider the hedging rule for the first period. This explains that why hedging rule is applicable to drought periods with insufficient water. A common understanding is that uncertainty diminishes the value of future. In this section, hydrologic uncertainty is introduced to the conceptual model presented above. Considering the random variable of reservoir inflow in the second period, f I , we express it as f I I = + , where is an unbiased noise variable whose mean is zero. Eq (6) is then rewritten as:
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Here [] EV represents the expected value. Expand the RHS of Eq (14) 
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For a general utility function of water, the 1 st order derivative represents the marginal profit; the 2 nd order derivative is negative because of the principle of diminishing marginal utility, which, in general, implies that the utility function is concave and has the property of risk aversion. Regarding the third derivative,, we introduce the prudence defined by Kimball (1990) , which represents the strength of the precautionary saving motive. The prudence of the value function defined as (.) (.)
Therefore, the Eq (15) can be rewritten as:
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According to the consumption rule, (.) 0 E < implying diminishing marginal utility; additionally, general precautionary saving motive is general, (.) 0
Introducing a new term to represent additional water saving due to uncertainty, Eq. (16) can be rewritten as:
s % is the additional water saving due to uncertainty. In summary, hedging ratio will decrease due to uncertainty with the assumption of diminishing marginal benefit and positive precautionary saving motive rules. Under this mechanism, hedging rule will motivate a decision to reduce the current delivery in order to face the future risk. Fig 5 shows ( ) of inflow is small,, the impact of uncertainty on hedging rule could become less significant. Fig 5. The influence of uncertainty to hedging rule 3. Numerical model Pegram (1980) introduced a comprehensive application of multi-state Markov chains for reservoir operation study, considering various input distributions including normal, lognormal and discrete ± inputs, both independent and serially correlated. The advantage of multi-state Markov model is it provides stochastic description of decision variable and state variable in reservoir analysis. Therefore, the possible of reservoir performance can be investigated. By implementing the utility analysis under hedging rule with the multi-state Markov model, we try to verify the findings from the theoretical analysis through a numerical example. Specifically, the result of the model will show the conditions for the significance of hedging rule.
The numerical model is still under working and some preliminary results are demonstrated here. ) The figures also show how reservoir capacity make a difference with SOP and the hedging rule. As can be seen, when inflow is at lower level (resulting in larger water shortage), the hedging rule increases the utility more significantly compared to SOP. Moreover, the significance of hedging rule is more obvious with larger reservoir capacity and higher level of uncertainty. However, after reservoir capacity reaches a certain value, the utility difference between the two policies will not change, from which one can identify the optimal reservoir capacity for the propose of hedging rule. 
Conclusion
The knowledge of influences from different properties could help to determine possible instruments in demand management of reservoir operation. This study examines the application conditions of hedging rule. Also, it explains the necessity of hedging rule today. A theoretical analysis is provided to illustrate the decision mechanism under hedging rule from an integrated engineering-economic framework, initial results from a numerical model are also provided. Both the theoretical analysis and the numerical model results show that hedging rule can be a more rational policy than SOP for reservoir operation when pressing water shortage. 
